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The statistical theory of linear chain molecules often has rational functions 
of a few analytic functions as the form of the generating function for the partition 
function Z’“J of the linear chain molecule, n units long. For applications, it is 
necessary to know the limiting form of Z’s’ as 11 b co. Renewal theory from 
probability theory is applied to determine this limiting form in important cases. 
1. INTRODUCTION 
A large number of problems occurring in the physical [6] and biological [9] 
sciences involve calculating thermodynamic properties of systems of particles 
interacting in one dimension. Th ere are several reasons for studying these 
systems. One reason is that in a number of cases exact expressions for the 
partition function, and therefore all thermodynamic quantities, can be obtained 
in a mathematically rigorous way. By comparing the predictions of these exact 
theories with experimental observations, it is sometimes possible to assess the 
effect of higher-dimensional structure on physical phenomena. Secondly, the 
exact expressions are useful in evaluating the reliability of the approximate 
methods used to study two- and three-dimensional systems. Finally, some 
one-dimensional calculations, notably in the theory of polymers [9], provide 
realistic models of physical phenomena. 
In many one-dimensional problems, it is natural to consider the interacting 
units as confined to sites on a linear lattice. Such models arise in connection 
with magnetic chains [6] and linear macromolecules [9]. The subject of this 
paper will be the asymptotic form of the partition function for these systems as 
the size of the lattice becomes infinite. More specifically, we will show how 
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renewal theory can be applied to such systems and how the asymptotic form of 
the partition function thus arrived at is precisely what one would expect from 
thermodynamics, thus establishing a connection between renewal theory and 
thermodynamics. 
The limiting expressions derived here have been stated previously (see the 
book of Poland and Scheraga [9], especially pp. 67-9, 199-201, and the papers 
reprinted in that book: pp. 465-70 (Lifson), 471-75 (Liton and Lifson), and 
661-68 (Zimm)). The conditions under which the limiting expressions are valid 
are not precisely given nor is the rate of convergence to the limiting expression 
estimated. There are also some errors of theory in the papers. For example in 
the last paper mentioned above the crucial step from formula (32b) to formula 
(33a) completely overlooks the dependence of the h, on n. 
The present paper states precisely conditions under which the limiting 
expressions are valid, allows an assessment of the rate at which the limit is 
approached and also leads to a recursive relation from which the partition 
function for finite chains can easily be evaluated. It mentions problems for 
future research. 
A general one-dimensional lattice consists of a linear sequence of n units. 
Associated with the ith unit is a variable ei which can assume ki integer values. 
We call this set of integers the states of the ith unit. If each unit has the same 
states available to it, the lattice is said to be homogeneous. Otherwise it is 
heterogeneous. In this paper, we restrict ourselves to a homogeneous lattice 
with ki = 2 for all i. A configuration of a lattice of length n may then be repre- 
sented by a binary sequence Sn) of O’s and l’s of length n. For such a sequence 
St%), we define a run as any maximal subsequence of adjacent states of the same 
type. 
The probability that a lattice of length n is in the configuration corresponding 
to a given binary sequence S(*) is usually stated in terms of weights and partition 
functions defined in simple cases as follows. Let u(i) and v(i) be positive-valued 
functions of the nonnegative integers with u(0) = v(0) = 1. u(i) will be the 
weight associated with a run of O’s in S tn) of length i and v(i) will be the weight 
associated with a run of l’s in Sn) of length i. For a given S(n), write the sequence 
of integers iOjlil *-*jkikj,, , where i,, > 0 is the length of the initial sequence of 
O’s in Scn), jr > 0 is the length of the succeeding run of l’s, etc. j,, > 0 is the 
length of the terminal run of l’s in Sn). Define the weight of Sn), ZV(S(n)), 
to be 
W(W) = fi u(iJ v(jJ. 
l=O 
Define Z(*), the partition function, by 
2(n) = c W(W), 
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where the sum is over all binary sequences of length n. Finally, define the 
probability of ,!W for given n to be 
In the above formulation, the weight of a run does not depend on the location 
of the run in the sequence. Sometimes some modification of this assumption 
is necessary. 
As a specific example of the connection between phenomena involving a 
one-dimensional mathematical lattice and a physical phenomenon, we can 
consider the helix coil transition in certain of the biological molecules called 
nucleic acids. At low temperatures, the stable form of the molecule is double 
helical (Fig. 1) with the two helical strands connected to one another by hydro- 
gen bonds. As temperature is increased, the bonds break cooperatively and 
the strand separate into two randomly coiling chains. It is required to calculate 
the extent of the breaking as a function of temperature. For this purpose, the 
molecule can be replaced by an array of units to each of which can be assigned 
a 1 (bonded site) or a 0 (nonbonded site). A particular configuration of the 
molecule can be represented by a specific sequence of O’s and l’s, and there 
are 2” such sequences for a lattice with n units. Each run of O’s and of l’s in a 
given sequence is assigned a temperature-dependent weight in accordance with 
the physics of the problem and the product of all such weights represents the 
weight for that configuration. 
More general examples can be drawn from the field of polyelectrolytes in 
which every site has li (>2) states available to it or from the helix-coil theory of 
naturally occurring DNA. The latter problem is analogous to the quenched 
Ising model [Sj. 
In Section 2, we formulate the model for the example mentioned above in a 
FIG. 1. A schematic diagram of the low temperature form of a nucleic acid molecule 
DNA. The dashed lines represent bonds which connect the strands. 
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slightly different form and with more restrictions. The results of this paper are 
derived in Sections 3, 4, and 5. In the summary, Section 6, we state the con- 
clusion about Z(n) as n -+ og in terms of conditions on the function u(i). It 
would be of interest to know about Ztn) as n -+ co if these conditions are not 
fulfilled. While the problem discussed below is special, the methods are appli- 
cable to more general situations. 
2. STATEMENT OF THE PROBLEM 
We now consider a slightly different formulation of the definition of weight 
of a configuration from that given above. As above, i’s denote lengths of runs 
of O’s andj’s denote lengths of runs of 1’s. The sequence SCn) (n > 1) is specified 
by the succession of lengths of runs of O’s and l’s occurring along the sequence 
Sn): i. , j, , i1 , jz , iz ,..., iSeI , jS , i. (s 3 11, 
Sn): i. (s = O), 
where i ,, , i,, 3 0 and the other i’s andj’s are positive. 
Let u* and v be given positive-valued functions on the nonnegative integers 
and let II be a given positive-valued function on the positive integers. Let /I be a 
given positive number. The formula IV(5P)) = lJI1 u(ir) v( jr) given in Section 1 
is modified and made more complex in two ways. 
(1) Runs of O’s (broken bonds) at the two ends of the configuration or 
chain are weighted differently. The function u* is introduced for this purpose. 
(2) Some 1 (an intact bond) is treated as the initially formed bond. Since 
this bond arises from two separated strands joining, it is weighted differently. 
The constant p, called the nucleation constant, is introduced for this purpose. 
Define for n > 1 
W(Sn)) = u*(io) = u*(fz) (s = O), 
W(LW) = u*(&) [v( jl - 1) /3] u*(Z,) (s = l), 
(1) 
WS(Y = u*(6) [El v(iJ 4&)] Ws - 1) PI u*(G) (s 2 2). (2) 
In (l), i. + jr + $ = n and in (2) 
s-1 
4 + 1 (j, + i) i-j, + i. = n. 
0=l 
(3) 
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The definition of W(S(lL)) above is left-right symmetric (required by thermo- 
dynamics) only if 
u(Z - 1)/V(Z) = V(Z)/V(Z + 1) 
for 2 3 1. This is also the condition under which the bond which is regarded as 
the nucleation bond is of no consequence. This implies that v(Z) = urz for some 
a and r. But we shall not make any use of this. 
Since for s > 2, j,, > 0, ;, > 0 for CI > 0, and at least one of i, , jS , lo is 
positive, one has from (3) 
Hence 
s d ((n - 1)/q + 1 = (n + 1)/L 
for s > 2. Define Sp) to be a word (i.e., a finite sequence over an alphabet) of 
length n with s = K. Define the partition function 
and the generating function for the partition function 
T(s) = f ,m)xn. 
PZ=l 
In the following formula, the summation indicated by C* will be taken to be 
the sum over all i,, , j, , i, , j, , f0 such that 
S-l 
4 + C (j. + &) + j, + i. = n. 
o-l 
In all cases the j’s are >I. Put E = [(n + 1)/2]. For r(x) the following is 
obtained. 
T(x) = zC1)x + F w&q + pv(Sl”‘) + i 1 
I I 
a? 
n-2 n 1 k=2 S;“) 
c I 
i,+j,+ i,=e 
u*&J v(j, - 1) “*(Q\ $9 
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+ p.x f f I* u*(io) xi0 fJ w( j,) xj%(i~) x%( j, - 1) 1”-121*(Zb) xiO. 
n=3 s=2 
Put 
u*(x) = f u”(i)xi, 
i=O 
U(x) = f u(i) xi, 
i=l 
V(x) = f w(i) xi, 
i=O 
U*(x) = f u*(i) xi, 
i=l 
and 
P(x) = -f w(i) xi. 
i=l 
Then 
W = u*(x) + B f. u*Go) xi0 j& 4.L - 1) ~$1 Jo u*@,) ~‘0 
* jfll 4is - 1) x-j f. u*(io) x’  
or 
= U*(x) + px[u*(x)y V(x) + px[u*(x)y V(x) 2 (V(x) U(x))“-1, 
s=2 
r(x) = U*(x) + px[u*(x)]” V/(x)/[1 - U(x) P(x)]. (4) 
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While the asymptotic behavior of Zn) as n + cc could be discussed in this 
generality, we prefer for simplicity to specialize to the case 
Then 
v(i) = u*(i) = 1 i > 0. 
and 
U”(x) = V(x) = l/(1 - x) 
O*(x) = F(x) = x/(1 - x). 
In this case, Eq. (4) becomes 
w = 1” w4/(1 - 4 - ___ ___ x + (18”,). + (1 ?:)a 1 - U(x) x/(1 - x) ’ 
= il [ 1 + /9 + 2’ l) ] xn + p [ g1 n(n ; l) x.+1] U(x) 
1 - (x + xU(x)) * 
(5) 
3. RECURSION FORMULA FOR P) 
Equation (5) can be used to obtain both a recursion formula for P) and the 
asymptotic behavior of Zen) as n --f CO. 
To obtain the recursion formula for Z(%), one proceeds as follows. Write 
g1 vi+@ = U(x) CL1 u(i) xi 1 - (x + xU(x)) = 1 - (x + CT=“=, u(i) xi+l) ’ 
or 
[g vixt] [ 1 - (x + gl u(i) xi-l)] = il u(i) xi. 
i=l 
Then 
42) = -q + vz , 
u(m + 1) = -v,u(Vz - 1) - .,u(m 
or 
“1 = u(l), 
- 2) - .*. - vm + v,rL+1 (m 3 3, 
2) + ... + v+1u(l) + vm 
(m 3 2). (6) 
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Put V, = O,fr = l,fj = u( j - 1) forj 3 2. Then (6) can be written in the form 
(7) 
In (7), the u is not expressed in terms off for convenience in the subsequent 
. . 
apphcatron of the renewal theorem. Equation (7) is a recursive relation for v, . 
From (5), one obtains for Ztn) 
Z(l) = 1 + /3, 
2’2’ = 1 + 38, 
and 
n-2 
Dn) = 1 + fi(n(n + 1)/z) + B C (i(i + 1)/2) vn-l--i (n > 2). (8) 
j=l 
4. THE RENEWAL THEOREM 
Since we need the basic limit theorem of renewal theory, we quote it here from 
Feller [3, p. 3301 (the footnote of Feller, p. 330, unfortunately overlooks the 
possibility that his F(t) = 1 may not have a root). Suppose B, , B, ,..., and 
FI , Fs ,..., are arbitrary sequences of real numbers satisfying the conditions 
and that 1 is the greatest common divisor of those n for which F,, > 0. Suppose 
V, = B, and 
v,=B,+fF& (n > 1). 
id 
THEOREM (Renewal). 
where the right side is interpreted as 0 if Cf, nF, = co. 
5. ASYMPTOTIC FORM OF 27 
We consider the asymptotic form of Z cn). We will be discussing the formal 
power series 
U(x) = fj u(i) xi, 
i=l 
409 /57/2- = 2 
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where u(z) > 0 for i > 1. Let Ii, be the radius of convergence of U(X). We make 
the following conventions. For 0 < x < Ru , U(X) denotes both the power 
series and its functional value. For x > R, , we define U(X) = $-co. (This 
definition may be unfortunate since one might want to consider the analytic 
continuation of U(X).) For x = R, we define U(X) and Cy=, U(Z) xi as 
lim,,,- U(f) where the limit is through real values less than X. (It can be shown 
in this case that for u(i) 3 0, 
for x = R, .) The same convention is made for U’(X) and its formal power 
series. 
We distinguish two cases with respect to the power series U(X). 
Case 1. There does not exist y > 0 such that 
(9) 
Case 2. There does exist y > 0 such that (9) holds. 
Case 1 seems to be difficult to discuss and we will not mention it further here 
except that a reasonable conjecture is that in all cases, 
i+z vp = l.u.b.{x 1 x + .&J(x) < l}. 
Case 2 is subdivided into 3 cases. 
Case 2a. R, > y, 
Case 2b. R, = y; U'(y) < 00, 
Case 2c. R, = y;.U'(y) = ~0. 
The hypothesis on U (Section 2, paragraph 2) implies that 0 < y < 1. Put 
u(O)=l, u(n)yn=B, (n>O),f$“=Fn (n>l) and vnyn=V, (n>O). 
Since 
and, 
0 < jJ B, = 2 u(n) yn = (1 - r)/r < 00. 
n-1 n=1 
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(10) 
(1 - Y)iY (1 - r)ir -- 
CL nu(n - 1) yn = 1 + (yU(y))’ * 
In case 2c, the limit is zero. In cases 2a and 2b the limit is not zero. 
We now restrict ourselves to cases 2a and 2b. In case 2a, z = y is a simple 
pole of the function U/[l - (x + xU)] re p resented by the power series N(x) = 
xi”-, vixi near the origin. The coefficients of U(X) being positive, x + XV(X) # 1 
for / x 1 < y and x + y. 
Thus N(x) is regular in ; x i < y apart from the simple pole at x = y. Thus 
V n = cy-” + o(e) (11) 
for C > 0 given by the right side of (10) and some 6 > y. 
We now make use of an exercise from Polya-Szegii which, combined with (1 l), 
yields the asymptotic behavior of Ztn) as n + co. To this end, put 
Then 
y”vn = c $ E, . (12) 
Put, from (S), 
Also define 
lim E, = 0. n-30 (13) 
n-2 
w, == 1 (j( j + 1)/2) v,-i.+ . (14) 
j=l 
an = n(n -/- 1)/2, 
f(x) = f (n(n + 1)/2) P, 
n-1 
cg = 0, 
L-2 = %I 3 12 b 3, 
and 
L, = v, , n 2 1. 
Then (12), (13), and (14) can be identified with hypothesis in [IO, Part I, 
Exercise 1781. 
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This exercise supposes that a, , b, # 0, n > 0, are two sequences such that 
(i) f(x) = Cf,, u,xn has a positive radius of convergence I, 
(ii) lim,,, (hz/~n+1) = 4 
exists and 1 Q 1 < Y. Define 
Then 
c, = a,b, + f&-l + *** + a& (n 3 0). 
Thus, returning to our problem, 
= lim %f2 
n+m y -'n+l)(C + E,+1) 
=,(lim*) 
= g??y~ = r/(1 - r)“. 
so 
From (8), 
Fi yaw, = Cy”/(l - y)3. 
Thus 
Z(n) = 1 + @I(72 + 1)/2) + pwn * 
lim yn[Ztn) - 1 - (@(n + 1)/2)] = /3 !+i ynw, = /3Cy2/(1 - r)3 
n-tm 
= rwu - r>” El + wJb4’1* 
(15) 
Since 0 < y < 1, the term 1 + ,%z(n + 1)/Z is neglected and one writes 
Z(n) - /3y-‘“-“/(l - r>s [l + (,U(,))‘]. 
In case 2a, more precise estimates of the rate of convergence in (15) can be 
made, using a result of Bojanic and Lee [l, 21. In case 2a, by (ll), for some 
S>Y 
Im CP + O(P) 
- = q/-cn+u +qpn+1q vn+1 
O(S-“) 
= y + q-("+l) + op'n+U 
= Y + w/v 
= y + O(lP), 
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for any 01> 0. [In place of l/n”, one could have used n-“(log n)fl (CX > 0) or 
nwn7 (0 < 9 < l).] 
The theorem of Bojanic and Lee [2] is as follows. Suppose that the series 
C&pgk has a positive radius of convergence R and suppose that the sequence 
of positive numbers (a,,) satisfies the condition a,,/~,+, = y + O(6,) where 
O<y~Rand6,-+O.IfO<y<Randi3,/6,+,~1,then 
$oJ,&&,) = f Pk’” + o(sn). 
k=O 
By this theorem, if one identifies ~,-i with a, , l/nE with 6, , n(a + 1)/2 
with p, , one has 
as n + 00, or 
%I%-1 = Y/(1 - Yj3 + O(W) 
w, = vn-lY/(l - y)3 + v,O(l/nb) 
= [Gyp-l) + o(s-(n-l))] r/(1 - y)3 + (Cy-(n-1, + O(W”-1’)) 0(1/n”) 
= Cy-b-2)/(1 - y)3 + y-'"-l'ql/n~) 
for any OL > 0. So 
Z(n) wycn-l, B/U - YY [l + wTr>>‘l + PO(ll6. 
6. SUMMARY 
The conclusions of this paper are summarized by the following theorem. 
THEOREM. Suppose the wezght W(Sn)) of a binary word of length n is defined 
by (1) und(2) with w(i) - u*(i) = 1, i = 0, 1,2,..., and/I a constant > 0. Suppose 
.P) = C W(P)) where the sum is over all binary words of length n. Suppose that 
U(x) = x& u(i) x5 is a power series with positive coejkknts. Suppose there exists 
y > 0 such that y + yU(r) = 1 and U’(y) < co. Then 
~+~YTZ(~) - 1 - (Bn(n + 1)/U = PY/V - r>” [1 + WW’I. (16) 
(Since 0 < y < 1, the term 1 + pn(n + 1)/2 is neglected and one writes 
with 
c = PY/(l - Y12 P + (YVYN’I.) 
If the rudius of convergence of U exceeds y, then for any a > 0, the convergence in 
(16) is at least of order I/W for any OL > 0. 
428 BEYER AND DELIS1 
7. REMARKS 
(a) There is a one-to-one correspondence between binary intervals on 
{O, l] of the form [K/2”, (K + 1)/2”] where k = O,..., 2” - 1, and binary words 
P). Such binary intervals form a fine-net sequential covering class in the sense 
of Munroe [8; p. 901. One could define the size of the binary interval corre- 
sponding to Sn) as W(S@Q)/Z tn). Following the procedure in Munroe, these 
definitions would induce a measure on [0, I]. This is so in spite of the fact that 
the Kolmogorov consistency conditions are not satiesfied. (For a statement of 
the Kolmogorov consistency conditions, see Kingman and Taylor [4, p. 3801.) 
One can ask questions about this measure. For example, what is the Hausdorff 
dimension of the support set of the measure ? 
(b) Lifson interprets the relation Z’cn) ‘v C’~+~ to mean that for long 
lattices in which end effects become negligible each unit contributes the same 
to Zfn). What does this mean in the above measure-theoretic sense ? 
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